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Abstract

This paper provides sufficient conditions for both practical stability and finite-time stability
of linear singular continuous time-delay systems, which can be mathematically described
as Ex(t)=Ayx(t)+Ax(t —7) . Considering a finite-time stability concept, new delay indepen-
dent and delay dependent conditions have been derived using the approach based on the
Lyapunov-like functions and their properties on the subspace of consistent initial condi-
tions. These functions do not need to have the properties of positivity in the whole state
space and negative derivatives along the system trajectories. When the practical stability
has been analyzed, the above mentioned approach was combined and supported by the
classical Lyapunov technique to guarantee the attractivity property of the system behavior.
Moreover, a linear matrix inequality (LMI) approach has been applied in order to get less
conservative conditions.
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Dynamic physical processes arise in many areas of
engineering, science and economics, and are usually
modelled using ordinary differential equations (ODEs)
or partial differential equations (PDEs). However, some
of the states in these physical processes are cons-
trained, and such states are governed by algebraic
equations and the resulting mathematical model con-
tains ODEs/PDEs coupled with nonlinear algebraic
equations. During the past three decades, DAE systems
have attracted much attention due to the compre-
hensive applications in economics, as the Leontief dy-
namic model, in electrical applications using the theory
described in [1], in mechanical models as in [2], in che-
mical engineering, etc. Models of chemical processes,
for example, typically consist of differential equations
describing the dynamic balances of mass and energy
while additional algebraic equations account for ther-
modynamic equilibrium relations, steady state assump-
tions, and empirical correlations. Some particular pro-
perties of DAEs and their significance in chemical en-
gineering are illustrated by [3-5]. Numerical solution of
DAE systems is more difficult as compared to ODE
models due to the existence of linear and non-linear
algebraic equations and due to discontinuities in the
algebraic variables over the independent variable
space. Systems described by DAEs are referred to as
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degenerate, descriptor, generalized, semi-state sys-
tems or singular systems.

For illustration purpose we give an example of sin-
gular system from chemical engineering. It is the sepa-
ration of two alcohols (methanol, n-propanol) in a 40
tray distillation column with one feed stream which is
described in [5]. A singular model with concentration xg
in the reboiler, position of profile s, in the rectifying
section, concentration xy, for the feed tray, position of
profile s, in the stripping section, and concentration xp
in the condenser as descriptor variables is described by
the following matrix equation [5]:

Ex(t) = Ax(t)+B,u, (t)+ B,u, (t) (1)
where:

o 0 0 0 O] (o o o 0 0]
oooO0@O 0 oooO00@o 0
E=|0 0 o 0 0|, A=|o o o o O],
0 0 oo o 0 0 oo o
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Here “0” denotes numerical entries and Az = z(t) —
- z, difference of a current value of a variable z(t) and
its nominal value, z,. The mixture is fed in the column
with the feed flow rate, F. Feed flow rate, F, and feed
composition, x; (molar fraction), are determined by up-
stream processes. The liquid flow rate, L, and vapor
flow rate, V, are considered to be control inputs.

It has been observed that a variety of singular sys-
tems are characterized by the phenomena of time de-
lay. Such systems are called singular systems with time
delay. Time delay can appear in the input variables,
output variables and/or the state space vector. In ge-
neral, the dynamic behavior of continuous-time singu-
lar systems with delays is more complicated than that
of system without any time-delay because the conti-
nuous time-delay system is infinite dimensional. For
this reason, over the past decades, there has been
increasing interest in the stability analysis for singular
time-delay systems and many results have been re-
ported in the literature [6—-11].

In practice one is not only interested in the system
stability (e.g., in the sense of Lyapunov approach), but
also in the bounds of system trajectories. A system
could be stable but completely useless because it pos-
sesses undesirable transient performances. Thus, it
may be useful to consider the stability of such systems
with respect to certain sub-sets of state-space, which
are a priori defined for a given problem. Besides that, it
is of particular significance to consider the behavior of
dynamical systems only over a finite time interval.
These bound properties of system responses, i.e. solu-
tions of system models, are important from the engine-
ering point of view. Realizing this fact, numerous defi-
nitions of the so-called technical and practical stability,
as well as finite-time stability have been introduced.

A system is said to be finite-time stable (FTS) if,
once a time interval is fixed, its state does not exceed
some bounds during this time interval. Little work has
been done for the finite-time stability and stabilization
of singular time-delay systems. Some results on FTS
and practical stability can be found in [12-22] (singular
systems) and [23-24] (singular time-delay systems).
However, according to the author's knowledge, there is
no result available yet on finite-time stability and
attractive practical stability for a class of linear time-
delay systems using linear matrix inequality.

In this article, we consider the problem of finite-
time and practical stability for a class of linear singular
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time-delay systems. First, we present delay-indepen-
dent and delay-dependent criteria which provide suffi-
cient conditions for a singular time-delay system to be
regular, impulse free and finite-time stable. Then, using
the linear matrix inequality (LMI) approach, novel suffi-
cient conditions for the finite-time and attractive prac-
tical stability are derived. Numerical examples are given
to show the effectiveness of the proposed approaches.

NOTATION AND PRELIMINARIES

The following notations will be used throughout the
paper. R denotes the n-dimensional Euclidean space,
C" complex vector space and R is the set of all real
matrices of dimension nxm. Superscript “T” stands for
matrix transposition. X > 0 means that X is real sym-
metric and positive definite and X > Y means that the
matrix X=Y is positive definite. In symmetric block mat-
rices or long matrix expressions, we use an asterisk (*)
to represent a term that is induced by symmetry. |
stands for identity matrix, X(X) null space (kernel) of
matrix X and A(X) eigenvalue of matrix X. Matrices, if
their dimensions are not explicitly stated, are assumed
to be compatible for algebraic operations.

Consider a linear continuous singular system with
state delay, described by:

Ex(t)=Ax(t)+Ax(t—7) (2)

with a known compatible vector valued function of the
initial conditions:

x(t)=d(t), —7<t<0 (3)

where x(t)e R" is the state vector, u(t)e R™ is the
control input, 7 is constant time delay, A e R"™",
A e R™ and Be R™ are known constant matrices.
The matrix £€ R™ may be singular, and it is assumed
that rank(E)=r<n.

The following definition will be used in the proof of
the main results.

Definition 1. Matrix pair (E,Ao) is said to be regular if
det(sE—A,) is not identically zero [6].

Definition 2. The matrix pair (E,A,) is said to be
impulse-free if degdet(sE—A;) = rankE [6].

The linear continuous singular time delay system (2)
may have an impulsive solution. However, the regu-
larity and the absence of impulses of the matrix pair
(E,Ap) ensure the existence and uniqueness of an im-
pulse-free solution of the system. The existence of the
solutions is defined in the following Lemma.

Lemma 1. Suppose that the matrix pair (E,Ao) is
regular and impulsive free, then the solution to (2)
exists and is impulse-free and unique on [0, ) [6].

Lemma 2. Continuous singular system:

Ex(t) = Ax(t) (4)
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where:

SRR
O 0 AZl AZZ (5)
is regular and impulse-free if and only if A,; is invertible
[12].

In view of this, we introduce the following definition
for singular time-delay system (2).

Definition 3. The singular continuous system with
state delay (2) is said to be regular and impulse-free, if
the matrix pair (E,Ao) is regular and impulse-free [6].

Remark 1. The singularity of matrix E will ensure
that solutions of (2) exist only for special choices of
d(t)e W .., Vte[-7,0]. In the literature [25], the
subspace of 4/, of consistent initial conditions is
shown to be the limit of the nested subspace algo-
rithm:

VV/:,O =R
: (6)

*

Wiy = Ac;l (EWk*,(i) )Alzu ,» j20

Moreover, if &(t)e ¥ ,, Vte[-7,0] then
x(t)e W,, Vt>0 and (1E-A,),  is invertible for
some AeC (condition for uniqueness), then

w,nR(E)={0}.
MAIN RESULTS

Classical approach

In the further analysis the following case has been
considered: the subspace of consistent initial condi-
tions for singular time delay and singular non-delay sys-
tems coincides.

As a basis for the further solution development a
stability definition and theorem have been presented
at this point.

Definition 4. Singular time delayed system (2) is
finite-time stable with respectto { @, S, T}, a< g3, if:

sup o' (t)EEd(t) <« (7)
te[-7,0]

implies:

x" (t)ETEx(t)< B, Vte[0,T] (8)

Theorem 1. Consider a singular time delayed system
(2) with:

d(t)e W,

s VEE[~7,0] (©)
x (t—0)x(t—0)<gx’ (t)x(t),

g>0, 0e[-7,0], Vte[0,T]

where )}/ is a subspace of consistent initial condi-
tions.
a) If there exists a positive real number % such
that:

E=AE+E'A,+ETA 0 AE+qpl<0 (11)

then system (2) is regular, impulse free and finite-time
stable with respectto { &, B, T}, o< 8 forall T>0.

b) If there exists a positive real number g such that
the following conditions are satisfied:

E=AE+E A +ETA QO AE+qpl>0 (12)
eﬂm-m(E,ETE)T <£ (13)
o
where
x' (t)Ex(t
ﬂm,n(E,ETE):min . ()T (t) =
x" (t)E t) (14)

then system (2) is regular, impulse free and finite-
time stable with respectto { e, S, T}, a< f3.

Proof. The condition (9) provides that the system (2)
is regular and impulse free. Next, we show the stability.
Let us consider the following Lyapunov-like function:

V(x(t))=x"(t)ETEx(t) (15)

Total derivative V(t,x(t))along the trajectories of
the system is:

V(x(t))=x"(t)ETEx(t)+x (t)ETEx(t)=

=x" (t)(AE+ETA, )x(t)+2x" (t)ETAx(t - 7) (e
Based on the known inequality:

207 (t)v(t—7)<u” ()T u(t)+v' (t—7)Tv(t-7),

r=r">o0

we have:

26" (t)ETAx(t—7)<x" (t)ETA 0 ATEx(t)+

+x' (t—7)px(t—7)

SO

V(x(t))<x" (t)(AE+ETA, )x(t)+ 18)
+x"(t)ETA o ATEx(t)+x (t—7)px(t—7)

Using (10) and (12), it is clear that (18) is reduced
to:
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V(x(t))<x (t)(ALE+ETA, )x(t)+

x (t)ETA go’lA Ex(t)+aggpx’ (t)x(t)=

X (t)(AQE+ETA, +ETA Q0 ATE +qpl)x (19)
xx(t)=x"(t)Zx(t)

E=AE+E'A,+ETA QA E+qpl

If condition (11) is satisfied, then system (2) is
asymptotically stable in the sense in Lyapunov. In this
case, the finite time stability is guaranteed for all T> 0.

From (19) we have:

d[xT(t)ETEx(t)]< X" (t)Ex(t) "
x ()ETEx(t)  x"(t)ETEx(t)

Inequality (20) is satisfied if the following condition
is valid:

d[xT(t)ETEx(t)Lmin[ X (t)=x(t) }d
x"(t)ETEx(t) x" (t)ETEx(t)
ﬁmin(E,ETE)dt (21)

A (E,ETE)=

:min[xr (t)Ex(t): x"(t)ETEx(t) :1}
After integrating the previous inequality, we get:
x" (t)ETEx(t)<x’

Finally, if the first condition of Definition 4 is used,
then:

(20)

(0)E"Ex(0)e™ =) (22)

in (EETE)

X" (t)ETEx(t)<ae (23)
Conditions (12), (13) and inequality (23) imply:
x (t)ETEx(t)<p, Vte[o,T] (24)

This completes the proof.

Lemma 3. For any real constant 50>0 and any
symmetric, positive definite matrix Z=2=" >0 the fol-
lowing condition is satisfied:

—2u” (t)v(t)<gpu’ ()= u(t)+
+ v (t)2v(t)

Theorem 2. Consider a singular time delayed system
(2) with:

d(t)e W, Vte[-7,0] (26)

x (t—0)x(t—0)<gx (t)E"Ex(t),
g>0, fe[-27,0], Vte[0,T]

(25)

(27)
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where 1/, is a subspace of consistent initial condi-
tions.

a) If there exists a positive real number £ such
that:

M=(A,+A,) E+ET (A, +A,)+
+70A, (AAL+A,AT AT + (28)
+2q77'1<0

then system (2) is regular, impulse free and finite-time
stable with respect to { a, B, T}, a< 3 forall T>0.

b) If there exists a positive real number £ such
that the following conditions are satisfied:

M=(A,+A,) E+ET (A, +A,)+

+70A, (AL +AAT AT + (29)

+2q707'1>0

grmr B (30)
o

where:

x" (t)Tx(t) ]
X' (t)E"Ex(t) (31)
=min[xT( JIx(t): x" (t)E"Ex(t)= ]

then system (2) is regular, impulse free and finite-time
stable with respect to { a, f, T}, a<f.

Proof. The condition (9) provides that the system (2)
is regular and impulse free.

Next, we show the stability.

It is very well known that if the x(t) is continuously
differentiable for t >0, one can write:

x(t—7)=x(t)- j (on(s)+A1x(s—T))ds (32)

t-7

min

Ao (TLETE) = mln[

for t > 7 [14], so basic system’s dynamics in (2) can be
rewritten as:

Ex(t)=(A,+A, )x(t)-

-A, j (on(s)+A1x(s—z'))ds

t-7

(33)

for arbitrary continuous initial function ¢(t) on time
interval te [-27,0].

It is declared in [26] that asymptotic stability of (33)
can assure the asymptotic stability of original system
(2), since the basic system (2) is only a special case of
system, whose dynamics is described by (33).
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Let us consider the following Lyapunov-like func-
tion:

V(x()-

The total derivative V(x(t)) along the trajectories

x" (t)ETEx(t) (34)

of the system (33) yields:
V(x(t))=x" (t)(A, +A,) E+
ET(AO+A1))x(t)— (35)

t
—ZI x’ (t)ETAl(on(s)+A1x(s—T))ds
Furthermore, by using Lemma 3 and (27) we have:

—2[ t)E"AA.x(s)ds <
.
j (t)ETAAALATEX(t)ds+

+I o 'x" (s)x(s)ds< (36)
<Tpx (t)ETAAAAEX(t)+
quo x" (t)ETEx(t)ds

<x (t)ET (rgoAlAOA;A§ +q771)Ex(t)

—2]' t)E'AAX(s—T)ds <

< J'gox t)ETA,A A ATEX(t)ds
t—7
+Ig0‘1xr(s—2')x(5—7)ds (37)

<zpx (t)ETA,AATATEX(t)+

quox JETEx(t)ds

<X (t)E7 (7oA ,AALA] +qr™)Ex(t)
Using (35), (36) and (37) we get:
V(x(t))<x" (t)TIx(t)
M=(A,+A,) E+ET (A, +A, )+ (38)
T0A, (AA,+AA] )AL +2qT7"

If condition (28) is satisfied, then system (2) is asym-
ptotically stable in the sense in Lyapunov. In this case,
the finite time stability is guaranteed for all T> 0.

From (38) one can get:

d[xT(t)ETEx(t)]< X (B)Ix(t)

X (OFEx(t) X (EEx(t) %)
If
d[xr(t)ETEx(t)]Smin( X (t)TIx(t) Jdt:

X (t)EEx(t) X (t)EEx(t)

= (H,ETE)dt (40)
Ao (TLETE) =

=min[x" (6)IIx(t): " (£)EEx(t)=1]

then Eq. (39) is satisfied. After integrating the previous
inequality we get:

x" (t)ETEx(t)<x’
Finally, if one use the first condition of Definition

(4), for Vo (t)e W, we get:

) i (TLETE)t

(0)E'Ex(0)e (41)

X (£)ETEx(t) < o™ ") (42)
Conditions (29), (30) and (42) yield to:
x (t)ETEx(t)< a£<p’, Vte[0,T] (43)
o

This completes the proof.

Remark 2. Expressions (14) and (31) are known as
the Rayleigh quotient, the minimum of which can be
determined using appropriate standard numerical me-
thods.

Remark 3. Conditions (10) and (27) are main sour-
ces of the conservatism in Theorem 1 and 2. Namely, it
is difficult to determine the parameter g so that (10) or
(27) are satisfied because it is considered that the
solution of the system (2) is not known. One way to
estimate the parameter g is the simulation of system
(2) for known initial conditions. Therefore, the above
mentioned theorems have more theoretical than prac-
tical significance.

Modern (LMI) approach

Finally, by using linear matrix inequalities, we give
the sufficient conditions under which the system (2)
will be regular, impulse free and finite time stable or
attractive practically stable. LMI approach has been
applied in order to get less conservative conditions.
These stability conditions have a great practical impor-
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tance because they are based on standard numerical
optimization methods.

Definition 5. Singular time delayed system (2) is
finite-time stable with respect to {0(, B, T}, a<p,
if:

S[l,Jpo] ' (t)d(t)<x (44)
implies:
x' (t)ETEx(t)<p, Vte[0,T] (45)

Theorem 3. Singular time delayed system (2) is
regular, impulse free and finite time stable with respect
to {0(, B, T}, o< [ if there exist a positive scalar
§, nonsingular matrix P and two positive definite
matrices Il and Q, such that the following conditions
hold:

PE=E"P" >0 (46)
PE=E"TIE (47)
AlPT +PA,+Q-PE PA
== 0 :TQ o ! <0 (48)
AP -Q
and:
/,imax (PE)+T/1max (Q) <£e_prﬂmln (H) (49)
(24

Proof. The proof of this theorem is divided into two
parts. First, we deal with the regularity and impulse-
free properties. Second, we treat the finite-time stabi-
lity property.

First we show that the singular delay system (2) is
regular and impulse-free. Using (48), it is easy to see
that the following holds:

APT +PA,—§PE <0 (50)

Now, we choose two nonsingular matrices M and N
such that:

All A12 (51)
AI:MA1N={A1 & }
AR A7
Let:
A T -1 ﬁll AlZ
P=N"PMt=| 1t (52)
PZl 22
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where the partitions of matrix blocks in Eq. (52) are
compatible with those in Eq. (51). By Egs. (46), (51) and
(52) we have:

PE=NTT {Pﬂ 0} N

P. 0
ZlA R (53)
P T P T
ETPT :N—T 11 21 N—l
0 0
From Eqg. (53), it can be verified that:
FA’M :FA)uTl 'E,21 =0 (54)
By Egs. (50), (51) and (52) it can be shown that:
APT +PA,—pPE<0 (55)

Based on Eq. (54) we have:

© © <0 (56)
O Al +B,AY

where the symbol “© "stands for a matrix irrelevant to
the following development. From Eq. (56) we deduce
that:

AZTPL +P,A? <0 (57)

ie., /A\éz #0, because /322 # 0. Therefore, by Definition
3 and Lemma 2, we conclude that the system (2) is
regular and impulse-free.

Next, we show the stability. Let us consider the fol-
lowing Lyapunov-like function:

V(x(t)=x (t)PEx(t)+ [ X" (s)ax(s)dd  (58)
Denote by V(x(t)) time derivative of V(x(t))
along the trajectory of system (2), so one can obtain:
V(x(t))=x"(t)PEx(t)+x" (t)PEX(t)+
d ¢ ;
+ij (8)ax(8)d

t—

x tr)(AEPT+PA0)x(t)+2xT(t)PAlx(t—T)+
%' (t)ax(t)=x (t-7)ax(t-7)=T (£)TT (t)

(59)

where:

zT(t)=[xT(t) xT(t—r)],

e APT+PA,+Q PA, (60)
- AP -Q

From Egs. (48) and (59), one can have:
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ZT

Wl G

¢ =047 (0] 7" oo

[Il

0 O (61)
<gox' (t)PEx<
go(xT(t)PEx(t)+g0J.xT Qx(z)‘)dz?j:
=pV(x(t))

Integrating (61) from 0to t <T, follows:
V(x(t))<e*v(x(0)) (62)
Then:

V(x(0))=x" (0)PEX(0)+ [ X" () ax() (63)
Since:
PE=E'TIE (64)

From Eq. (63) and first condition of Definition 6, it
follows:

V(x(0))
+IxT

/?’max (

=x" (0)PEx(0)+

E)x" (0)x(0)+
j o (0 (65)

max

S Aax (PE) O+ A (

max

Q)ajdz}s

ga(ﬂmax (PE)+74,., (Q ))

On the other hand, we have:

t

( ) x" (t)PEx(t Ixr(ﬂ)Qx(ﬂ)dﬂ

x" (t)PEx(t)=x" (t)E'T1EX(t)> (66)
>im.n( )X (t)ETEx(t)

From Eqg. (66) it is obvious that:

K (6)ETEx(t) <

So, combining Egs. (62), (65) and (67), leads to:

X (£)E"Ex(t) < _1(H)ewv(x(o))<

(68)
< 0(@607— ﬂ’max (PE) +Tﬂ’max ( )
/’i’min (H)
Condition (49) and Inequality (68), imply:
x" (t)ETEx(t)<f, Vte[0,T] (69)

This completes the proof.

Remark 4. It should be pointed out that the con-
ditions in Theorem 4 are not classical LMIs conditions
with respect to ¢, P, ITand Q.

Let:
0 ] PE 7
< 2‘1 < min ( ) lz > /Lnax ( ) (70)
23 > max( )
Then:
ﬂ.ll<H, ﬂ.zl>PE, 231>Q (71)
Le " A +al, +ath, <0 (72)

From Relation (72) we have:
—fe T +ath,—Jad, (-4) Nal, <0 (73)

Using Schur complement, we have:

_—ﬂe'%ﬂjaﬂﬁ \/ijz]d) 74)
[ Be T A, +ath, Jﬂ_
| e 4, 5)
-[W_ﬂw-{m@ 0]<o
~pe A Nai, ari,

* A, 0 |<0 (76)

* * _/13

Once we fix g for known « and S, the conditions
(48) and (49) can be turned into LMIs based feasibility
problem.

Corollary 1. Singular time delayed system (2) is
regular, impulse free and finite time stable with respect
to {0(, B, T}, a< f3, if for some fixed nonnegative
scalar g there exist positive scalars 4;, 4, and /s,
nonsingular matrix P, positive definite matrices IT and
Q, such that the following conditions hold:
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PE=E'P" >0 (77)
PE=E'TIE (78)
TpT _

APT +PA,+Q—§PE PA, <0 79)
* -Q

Al<II, AI>PE, A41>Q (80)
—fe "4, Nai, o,

* -4 0 <0 (81)

* * _ﬂa

Next, we give a definition of attractive practically
stability and sufficient condition such that the system
(2) is attractive practically stable.

Definition 6. Singular time delayed system (2) is
attractive practically stable with respect to { a, B, T} ,
o< p if:

siEJpO] ' (t)d(t)<x (82)
implies:
x (t)E'Ex(t)< B, Vte[0,T] (83)

with the following property:

limx" (t)x(t)—0 (84)

t—oo

Theorem 4. Singular time delayed system (2) is
regular, impulse free and attractive practically stable
with respect to {0{, B, T} , a< [}, if there exist po-
sitive definite matrices X and Y such that the following
conditions hold:

XE=E"X">0 (85)

ATXT+XA,+Y XA,
<0

(86)
* -y

and nonnegative scalar £, positive scalars 4;, 4,

and A3, nonsingular matrix P, positive definite matrices
II and Q, such that the following conditions hold:

PE=E'P" >0 (87)

PE=E'TIE (88)
APT +PA,+Q—§PE PA

0 0 Q 80 1 (89)
* -Q

AI<II, AI>PE, A1>Q (90)
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~pe A Nai, Nari,
* -4, 0 <0 (91)
* * _ﬂa

Proof. The regularity and impulse free properties
are proved in the previous theorem.

Based on Corollary 1, the first and second condi-
tions of Definition 6 follow directly from Egs. (87)—(91).
Further, if conditions (77) and (79) are satisfied with
§£ =0, then system (2) is asymptotically stable which
implies (84). Since conditions (85) and (86) are
equivalent to conditions (77) and (79) with =0, it
follows that the third condition of Definition 6 is also
satisfied.

This completes the proof.

Remark 5. According to our knowledge, there are
no results available yet on finite-time stability and
attractive practical stability in the sense of Definition 5
and 6 for a class of linear continuous time-delay sys-
tems that use linear matrix inequality. Therefore, we
cannot to compare our results with existing ones.

NUMERICAL EXAMPLES

The effectiveness of the results presented in the
previous section is now shown by means of numerical
examples. Based on Remark 3, we give solutions of two
problems of the finite-time and attractive practical
stability using Theorem 3 (Corollary 1) and Theorem 4.

Example 1. Consider following unstable singular
continuous time-delay system:

Ex(t)=Ayx(t)+ A x(t —17)

100 -2 1 0
E=[0 1 0|, A={0 -2 0], (92)

000 -1 0 -2

05 1 0

A=|1 05 1|, 7=1
1

[EEN
o

One should investigate finite-time stability of the
system (92) with respect to =3, =100 and T = 5.
Based on Corollary 1, for fixed y = 0.38, we can obtain
the following feasible solutions:

5.7484 -1.1447 -1.3063
P=|-1.1447 9.6663 2.8294 |,
0 0 5.3187
10.927 1.7094 1.9388
Q=|17094 10.738 1.4311 |,
19388 1.4311 8.9738
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5.7484 -1.1447 0
I1=|-1.1447 9.6663 0 A, =5.2451,
0 0 1.5554

A, =10.786, 1, =14.575

Therefore, the system (92) is regular, impulse free
and finite-time stable with respect to (3,100,5).

Example 2. Consider following singular continuous
time-delay system:

Ex(t)= Ax(t)+ A x(t —17)

100 -1 1 5
E=|0 1 0|, A=|0 -2 0], (93)
000 -1 0 -1
0.1
{ 01 0 |, r=1
-0.2

Solving the LMI (79), for =0 we get the following
feasible solutions:

[19.727 2.6273 37.521
X=|2.6273 31.397 12.165 |>0,

| 0 0 56.386
56.737 0.1068 -1.5756
Y=| 0.1068 58.682 -0.3238 |>0

56.162

| -1.5756 —0.3238

Thus, the system is asymptotically stable which
implies limx" (t)x(t) — 0 (attractive propriety).

Let us Check the conditions (87)—(91) with respect &
=3, =33 and T = 200 for fixed =1x10"". The
following feasible solutions are obtained:

9.5757x10> —4.2053x107° 7.4462x10’
P=|-4.2053x10° 9.5765x10> 9.1516x10° |,
0 0 2.6480x10°
49.107 -2.3894  4.6023
Q=|-2.3894 48.648 —1.4973 |,
4.6023 -1.4973  70.497
9.5757x10*> —4.2053x10 0
IT=|-4.2053%10° 9.5765x10" 0
0 0 1.6111x10°

A, =956.59, A, =958.71, 4, =72.192

Therefore, the system (93) is regular, impulse free
and attractive and practically stable with respect to
(3,3.3,200).

CONCLUSION

Generally, this paper extends some of the basic
results in the area of the non-Lyapunov stability to the
particular class of linear singular time-delay systems.
The finite-time and attractive practical stability prob-
lems of linear singular time-delay systems are studied.
Using classical and LMI approaches novel sufficient
conditions for both finite-time stability and attractive
practical stability are presented. The obtained LMI con-
ditions can be checked using the standard numerical
optimization methods. Finally, two numerical examples
are given to show the effectiveness of the proposed
approaches.
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NE-LJAPUNOVSKA STABILNOST SINGULARNIH SISTEMA SA CISTIM VREMENSKIM KASNJENJEM: KLASICAN |
SAVREMEN PRISTUP

Dragutin Lj. Debeljkovi¢, Sreten B. Stojanovi¢’, Marko S. Aleksendri¢*

"Univerzitet u Beogradu, Masinski fakultet, Beograd, Srbija

2Univerzitet u Nisu, Tehnoloski fakultet, Leskovac, Srbija

(Naucni rad)

U ovom radu izvedeni su dovoljni uslovi kako prakticne tako i stabilnosti na

Klju¢ne reci: Singularni sistem e Vre-

kona¢nom vremenskom intervalu linearnih singularnih sistema sa cistim vremen-
skim kasnjenjem, koji se u matematickom smislu mogu opisati slede¢im modelom:
Ex(t)=Ayx(t)+ Ax(t —7) . Razmatrajuci koncept stabilnosti na kona¢nom vremen-
skom intervalu, izvedeni su novi, dovoljni uslovi stabilnosti, koji ne uzimaju i koji
uzimaju u obzir iznos Cisto vremenskog kasnjenja, koristedi prilaz koji se zasniva na
koris¢enju kvazi Ljapunovljevih funkcija i njihovih osobina na podprostoru konzis-
tentnih pocetnih uslova. Ove funkcije ne moraju da budu pozitivno odredene u
celom prostoru stanja, kao Sto i njihovi izvodi duZ trajektorija sistema ne moraju
da budu negativno odredene funkcije. Kada je razmatran koncept prakti¢ne sta-
bilnosti, prethodno pomenuti prilaz kombinovan je sa klasi¢nim Ljapunovskom
tehnikom kako bi se obezbedila atraktivna (privlacna) prakti¢na stabilnost razma-
tranog dinamickog ponasanja sistema. Stavise, prilaz sa stanovista LMI (eng. linear
matrix inequality) metoda je takode primenjen sa ciljem da se oslabe neki od
ogranicavajuéih uslova iz prethodnih rezultata.
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mensko kasnjenje e Stabilnost na konac-
nom vremenskom intervalu e Atraktivna
prakti¢na stabilnost e Linearna matricna
nejednakost




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


