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Mixed cultures of microorganisms are often
studied in bioreactors. Bioreactors are considered as
crude models of natural ecosystems and they are used
to study, under controlled laboratory conditions, the
various types of interactions that arise among microbial
species inhabiting the same environment. These
interactions may be direct, when there is contact of the
different species with each other, or indirect, when the
interactions are exerted by altering the abiotic
environment. Competition for nutrients and other
resources is the most common and the most important
of the indirect interactions. It is almost always present in
systems of mixed microbial populations. Fredrickson
and Stephanopoulos [1] defined competition and
classified its various types. The interaction of
competition between two microbial populations arises
when there is at least one resource consumed by both
populations which affects the growth rate of at least one
of them. The definition can be also expressed by using a
set theoretic approach. Specifically, we define as S, the
set of all the resources consumed by population 1, S,
the set of all the resources consumed by population 2,

S, the set of all the resources consumed by population 1
and affecting its growth rate, S, the set of all the
resources consumed by population 2 and affecting its
growth rate. Apparently S; 08y and S, O S, We have
competition when S} nS,zZ0o0orS: n S; # 0.

Depending on the resources belonging in each of
the above sets, there are various types of competition.
One way of classification is based on the number of
resources competed for. The competition is called
single, double, etc. if the populations compete for one,
two, etc. resources. We say that we have total
competition when the populations compete for all the
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MICROBIAL COMPETITION
IN BIOREACTORS

Competition for nutrients and other resources is an interaction common
among microbial species growing together in the same environment. Such an
environment can be created in the laboratory in a bioreactor in order to study
this type of interaction and its effect on the microorganisms. Competition tends
to eliminate species from the system. The main question then is whether the
competing microbial species can coexist and under what conditions. The
number of nutrients for which the microorganisms compete plays an important
role, while periodic oscillations and spatial heterogeneity have a favorable
effect on coexistence.

Bioreactor, Microbial fermentation, Mixed cultures,

resources that affect the growth rate of at least one of
the populations. Otherwise, the competition is called
partial. A special case, which is of considerable interest,
is total competition which is also single, i.e., there is only
one resource affecting the growth rate of the two
populations and is consumed by them. This type of
competition is called simple. Finally, when there are no
other interactions present, but competition is the only
interaction, the competition is called pure. The simplest
type of competitive interaction is pure and simple
competition.

There is a considerable body of theoretical and
experimental work on pure and simple competition, as
well as, competition for more than one resource. An
overview of this work is presented and discussed here.
First, the case of pure and simple competition in a
homogeneous and time-invariant environment is
presented, and then the effects of time—variation of the
conditions and of spatial heterogeneity of the
environment are examined. Then, competition for two or
more resources is presented and discussed. All cases
presented here concern competition for chemicals and
not competition for biotic resources, the dynamics of
which is complicated by growth of the resources
consumed. Also, cases where competition is not pure,
but other types of interactions are also involved, are not
considered, although there are several studies
concerning such systems.

PURE AND SIMPLE COMPETITION

Pure and simple competition will be first examined
in a homogeneous and time-invariant environment.
Such an environment can be created in controlled
laboratory conditions in an ideal chemostat with
constant operating conditions. A chemostat is a
well-mixed vessel of continuous operation, in which the
microbial species grow and which is fed with medium for
growth of the species in steady flow. Control devices for
temperature, pH, etc. ensure operation under constant
time—invariant conditions.

71



S. PAVLOU: MICROBIAL COMPETITION IN BIOREACTORS

CI&CEQ 12 (1) 71-81 (2006)

Competition in a chemostat

A model of pure and simple competition in a
chemostat was first introduced and analyzed by Powell
[2]. The equations of the model are:

dx

d—; = -Dx; + Hy ()X (1a)
d

f = Do + Po(S)X (1b)
dS _ e —ay- L _1

ot D(sk - s) Y, M1 (8)x4 Y, Ha(s)Xe (10)

where x; and x, are the biomass concentrations of mi-
crobial populations 1 and 2, respectively, s is the con-
centration of the rate-limiting nutrient, D is the
chemostat dilution rate, sg is the concentration of the
rate-limiting nutrient in the feed, Y; and Y; are the yield
coefficients of the two populations, and p; and i, are the
specific growth rates of the two populations. Monod’s
model [3] is used for the specific growth rates of micro-
bial populations:
HE) =1¢rs =12 @)
The system of equations (1) has four possible
steady states:
1. Total washouit:
X1 =0,% =0,8 =sp.
2. Growth of only population 1:
X1 >0,%=0,s>s>0.
3. Growth of only population 2:
X1 =0,%>0,s>s>0.
4. Coexistence of the two populations:
X1 >0,%>0,s>s>0.
From equations (1) it is deduced that a necessary
condition for the coexistence steady state to be possible
is the existence of a positive value sc such that

H1(8c) = Ha(So) ©)]

Namely, the curves described by equations (2)
must cross at a positive s value, as shown in Figure 1b.
On the contrary, for the case shown in Figure 1a,
coexistence is not possible under any conditions. The

Figure 1. Relative position of the specific growth rate curves of
the two microorganisms
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value of the nutrient concentration at the point of
intersection of the curves is:

S = MK - [TRLE @
um1 “m2
Therefore, the values of the parameters of the
specific growth rates [eq. (2)] must be such that the
expression in eq. (4) is positive. The common value of
the specific growth rates at sc is:

_ Um2K1 ~ Hmi K2
Cc — K1 _ Kg (5)

One more condition that must be satisfied for the
coexistence steady state to be possible in the chemostat
is the dilution rate D to be equal to the critical value (c of
the specific growth rate. Namely, there is just a single
value of the dilution rate where coexistence is possible.

Analyzing the dynamics of the system of equations
(1), we can construct the operating diagram of the
system, which shows the effect of the operating
parameters of system D and sg on the long—term
behavior of the chemostat [4]. The operating diagram for
both cases of Figure 1 is shown in Figure 2. In region |
of the diagram total washout is observed, in regions Il
and |l population 1 dominates, and in regions IV and V
population 2 dominates. As can be seen from Figure 23,
for the case where the specific growth rate curves do not
cross, there are no conditions for growth of the
population with the lower specific growth rate, in this
case population 2. In the operating diagram shown in
Figure 2b coexistence is obtained only for conditions
lying on the horizontal line separating regions Ill and V.
Namely, it must be that D = Y, and sg > s.. At the
coexistence steady state the population concentrations
X, and X, are not uniquely determined, but all pairs of
values satisfying the following equation

SF:SC+YL1X1+YLZX2 ©)
are steady states. In the phase space the coexistence
steady state is not a point but a straight line, as depicted
in Figure 3. At the coexistence steady state, the system
has two negative eigenvalues and one eigenvalue equal
to 0. The zero eigenvalue is characteristic of the free mo-

0| A= iy 7 &' = el
e ’ = i
j 11 A ! ]
i = |
y oL
F i 4
5] [.0X]

Figure 2. Operating diagram of the system of eq. (1)
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Figure 3. Line of semi—stable coexistence steady states

tion of the state of the system along the line. Since the
other two eigenvalues are negative, the system always
ends up at one of the infinite coexistence steady states
on the line. Each one of these steady states is charac-
terized as semi-stable [5]. The system there is structur-
ally unstable [6] and even the slightest change in a
parameter value qualitatively alters its dynamic behavior.

If instead of Monod’s model we use Andrews’s
nutrient—inhibition model [7] for the specific growth rates
of the two populations:

b =— " =12 ™

K1 +s+—

then things are more complicated, as shown by Aris and
Humphrey [5]. Depending on the location of the specific
growth rate curves relative to each other, there are sev-
eral new possibilities. There is the possibility of the exist-
ence of up to two steady states where one of the two
populations dominates, but only one is stable. Moreover,
it is possible for some values of D that there exists one
stable steady state where population 1 dominates and
one stable steady state where population 2 dominates,
and thus which population prevails at the end depends
not only on the operating conditions, but also on the in-
itial conditions of the system. Also, since the specific
growth rate curves can have up to two intersection
points corresponding to positive s values, there can be
two critical values of D where coexistence is obtained. If
at the intersection point the slopes of the curves are
both positive, as in Figure 1b, the coexistence steady
state is semi-stable. If the slopes of the two curves are
both negative, the coexistence steady state lying on the
line of steady states have one positive, one negative and
one zero eigenvalue, and they are characterized as
semi-unstable, since there is a direction along which the
system moves away from the steady state (Figure 4a). In
the case where the two curves cross with opposite
slopes, a part of the line of steady states is semi-stable
and a part is semi—unstable (Figure 4b). At the interme-
diate point between the two parts of the line the system
has a double zero eigenvalue. The operating diagrams
for all the cases of the relative location of the two spe-
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Figure 4. Line of coexistence steady states when the specific
growth rate curves cross with (a) decreasing slopes (semi-unsta-
ble steady states), (b) opposite slopes (partly semi-stable and
partly semi-unstable line of steady states)

cific growth rate curves have been given by Lenas and
Pavlou [8].

A general conclusion is that in pure and simple
competition in a chemostat, irrespective of the particular
expressions for the specific growth rates [9-11],
coexistence in a steady state is achieved only for
specific discrete values of the dilution rate. Thus the
chemostat must operate at exactly one of these values
for the two populations to grow together. Otherwise, not
more than one can grow in the chemostat. In general,
for any number of microbial populations involved in pure
competition for a single nutrient in the chemostat, not
more than one can establish itself. The one that prevails
at the end is the one having the competitive advantage,
i.e., the lowest break-even nutrient concentration
[12,13]. The break—even concentration for the i-th
population is the smallest positive root of the equation:

D = (s ®)

The coexistence of two competing populations in a
chemostat is only a theoretical possibility. In practice,
operating the chemostat at exactly the required critical
value of the dilution rate is not possible, since there will
always be random fluctuations entering the system.
Stephanopoulos et al. [14] did a stochastic analysis of
the chemostat with two competing microbial populations
following Monod’'s model for their growth, in order to
study the effect of random fluctuations in its operation.
Specifically, they assumed that the dilution rate was
subjected to fluctuations that could be described by
white noise:

D) = Do + w(t) ©)
where D, is the mean value of the dilution rate. The ba-

sic conclusions of their analysis are:

1. Given enough time of chemostat operation, it is
certain that one of the two populations will be extinct,
even if the mean value of the dilution rate is equal to the
critical value, Dg = ..

2. There is a finite probability for extinction of any
of the two populations even when Dy # |, i.e., even
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when one of the two populations has the competitive
advantage.

3. If the mean value of the dilution rate Dy is close
to the critical value p, and the intensity of the noise is
low, a very long time is required for extinction of one of
the populations.

The first of the above conclusions practically
means that fluctuations will eventually cause washout of
one the two microorganisms even if we try to operate
the chemostat at exactly the critical value of the dilution
rate. The second of the conclusions states that, even if
we set the dilution rate such that one population has the
competitive advantage, fluctuations could lead to its
extinction. The third of the conclusions is of practical
significance, since it shows that we can operate the
chemostat keeping the two populations for a sufficiently
long time.

Pure and simple competition in a chemostat has
been also the subject of several experimental studies
[15-24], which verify qualitatively the predictions of the
theoretical analysis. Namely, they show that with
appropriate choice of the operating conditions, we can
select which micobial species will prevail in the system,
and the coexistence of two species is not possible.

The basic practical conclusion of the study of pure
and simple competition of two microbial populations in a
chemostat is that the two populations cannot coexist,
but one of the two will be extinct from the system. This is
a variation of the competitive exclusion principle
proposed by Hardin [25]. From the competitive
exclusion principle the question arises how it is possible
for so many species of phytoplankton competing for a
limited number of nutrients to coexist in a relative
homogeneous environment. This is the so-called
paradox of the plankton put forward by Hutchinson [26].
Hutchinson offered the explanation that coexistence of
the competing populations is made possible by the
periodic change of the conditions of the system due to
seasonal variations. Periodic variation of the conditions
gives the competitive advantage to each of the
population for a period of time and allows them to
coexist. In a chemostat this can be accomplished by
periodic variation of one of the operating parameters.

Effect of periodically varying conditions

For a system of two microbial populations involved
in pure and simple competition in a chemostat, one can
vary periodically the operating parameters D and sg. The
variagtion can be sinusoidal, orthogonal or any other
type. Stephanopoulos et al. [27] demonstrated
numerically that periodic variation of either of the
operating parameters in the system of equations (1) can
lead to stable coexistence of the two microbial
populations. The specific growth rate curves must cross
(case in Figure 1b), so that with periodic variation the
competitive advantage alternates between the two
populations. Coexistence, of course, is obtained not in a
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steady state, but in a state of sustained oscillations
(stable limit cycle). The same researchers also examined
the case of periodic harvesting of part of the culture in
the reactor and its replacement by fresh medium. They
also found stable coexistence of the two populations.
Coexistence through harvesting was also demonstrated
by Stewart and Levin [28], who considered the case of
removing a constant fraction of the culture and replacing
it by fresh medium, when all the rate-limiting nutrient
was consumed. Matsubara et al. [29] did a bifurcation
analysis of the same system for periodic variation of D
and determined conditions for coexistence. Buitler et al.
[30] analyzed mathematically the case of D variation,
whereas Hsu [31], Smith [32] and Hale and Somolinos
[33] analyzed mathematically the case of sF variation.
They proved analytic results regarding the conditions for
stable coexistence. Lenas and Pavlou [8] did a
numerical bifurcation analysis of the case of periodic
variation of D when growth of the populations follows,
not only Monod’s model, but also Andrews’s model. The
type of periodic variation they used was sinusoidal:

D({t) = Dy + acoswt (10)

They constructed operating diagrams for the
different cases of crossing of the specific growth rate
curves. Since now there exist four operating parameters
Do, 8, w, sg, they kept constant the amplitude a and the
frequency w of variation and constructed diagrams with
coordinates Do, and sg. The operating diagram for the
case where both specific growth rates are described by
Monod’'s model is shown in Figure 5. In regions |-V the
outcome of the system is analogous to the one in the
corresponding regions in Figure 2b, but now the
behavior is periodic and not steady state. Namely, in
region | total washout is observed, in regions Il and IlI
population 1 dominates, and in regions IV and V
population 2 dominates. In region VI we have stable
coexistence in the form of sustained oscillations (limit
cycle). We see that coexistence is obtained for a range
of values of the operating parameters and not for
discrete values of them. The system is structurally
stable. In the case where the specific growth curves are
of the Andrews-type and they cross with opposite
slopes, coexistence can be observed, not only in a

o D= wizg
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Figure 5. Operating diagram of the chemostat with periodically
varying dilution rate D(t)= Do+acoscl.
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periodic state, but also in a quasi-periodic or in a
chaotic state. This is due to perturbation of the point with
double zero eigenvalue on the line of steady states of
the unperturbed system (Figure 4b).

Although there are many theoretical studies
showing the stable coexistence of pure and simple
competitors in periodically operated bioreactors, there
are only two studies that demonstrate this experimentally.
Davison and Stephanopoulos [34] studied the system
Saccharomyces cerevisiae and Escherichia coli in a
chemostat with glucose as their common rate-limiting
nutrient. They showed that with periodic variation of the
pH they were able to achieve stable periodic
coexistence in the reactor. Dikshitulu et al. [35] studied a
system of Pseudomonas putida and Pseudomonas
resinovorans with phenol as their common rate—limiting
nutrient in a sequencing fed-batch reactor (SFBR),
which may be considered as equivalent to a chemostat
with periodically varied dilution rate. The particular
system is of interest in waste treatment applications. A
mathematical model of the system was developed and
analyzed and its predictions were compared with
experimental results. Very good agreement was found
and stable coexistence of the two species was
demonstrated both numerically and experimentally.

All of the above studies assume that the specific
growth rate curves cross at a positive value of the
limiting nutrient concentration, so that for each
population there are concentration values where it
grows faster and thus has the competitive advantage.
The next question is whether for the case where the
specific growth rate curves do not cross (case in Figure
1a) there is a way by periodic operation of the
chemostat to give the competitive advantage to the
more slowly growing population. Stephens and
Lyberatos [36] and Pavlou et al. [37] examined whether
the delay in the response of the microorganisms to
environmental variations and, specifically, to changes in
the nutrient concentration can give such an advantage
to the slower growing species. They used the following
model equations:

% =-Dx; + }:mf; Xi (11a)
%ng%& (11b)
%:0(1(5‘21) (11d)
%202(5‘22) (11e)

The delay in the response of the organisms to
changes in the nutrient concentration is introduced with
the auxiliary variables z; and z,, on which the specific

- S T T

Figure 6. Configuration of two interconnected chemostats

growth rates are assumed to depend and not directly on
the nutrient concentration s. The variables z; and z, do
not have physical meaning, but they help describe the
phenomenon of the delay. At steady state z; and z; are
equal to s, but at transient conditions, when the
concentrations change with time, there is a difference,
which expresses the delay in the response. This
difference depends on the values of the adaptability
coefficients a; and o, which represent how fast the
microorganisms adapt to changes in the nutrient
concentration. The smaller these coefficients are, the
bigger the delay. Analysis of the model equations (11)
showed that coexistence of the two populations is
obtained in a periodic state with periodic variation of the
nutrient concentration in the feed even when the specific
growth rate curves do not cross, as long as the
population with the highest specific growth rate also has
the highest adaptability. It appears that low adaptability
of a population gives it a competitive advantage.

Having established the fact that periodic operation
of the chemostat can lead to the stable coexistence of
two microbial populations involved in pure and simple
competition, one would ask if this is possible with more
than two populations. Lenas and Pavlou [38] studied the
case of pure and simple competition of three microbial
populations in a chemostat with periodically varying
dilution rate. They did a numerical bifurcation analysis of
the system and constructed its operating diagram
illustrating the stable coexistence of all three
populations, provided that their specific growth rate
curves crossed in pairs in such a way that there existed
for every population a range of values of nutrient
concentration where the population had the highest
specific growth rate. Thus, with periodic variation of the
operating conditions, the competitive advantage
alternated among the three populations. The
coexistence state is usually periodic, but in the case
where the specific growth rates follow Andrews’s model
and at the points of intersection, the slopes are opposite
and the system may exhibit quasi—periodic or chaotic
behavior.

Wolkowicz and Zhao [39] studied analytically the
general case of n microbial species competing for a
single nutrient in a periodic chemostat. They derived
sufficient conditions for the coexistence of all species in
a periodic state. They also pointed out an interesting
feature of the system, i.e., competition mediated
coexistence. This is a case where two species cannot
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coexistence under certain operating conditions, but one
species becomes extinct. However, simply by
introducing a third species into the system under the
same operating conditions extinction is avoided and all
three species coexist.

It should be noted that the case of three or more
populations is qualitatively different from the case of two
populations. In a chemostat with two species under
time—invariant operating conditions, coexistence is
theoretically predicted at a semi-stable steady state and
only for specific discrete values of the dilution rate where
the system is structurally unstable. Periodic operation
perturbs this steady state leading to a stable
coexistence state and a structurally stable system. In a
chemostat with more than two species, coexistence of
all species in a steady state is not even theoretically
possible, except for the extremely exceptional case
where all the specific growth rate curves cross at the
same point. For the more realistic case where the
specific growth rate curves cross in pairs, only the
steady states of any two of the species growing together
are theoretically possible. Periodic operation leads to
the coexistence of all species through the interaction of
all these steady states with each other.

Periodic variation of the operating conditions of the
chemostat creates temporal heterogeneity in the
system, resulting that each of the microbial populations
has a competitive advantage for a time interval and thus
all of them coexist. Another way to achieve the
coexistence of microbial populations involved in pure
and simple competition is to create spatial heterogeneity.
In such a system each microbial population has the
competitive advantage in a different region in space and
thus they coexist.

Effect of a spatially heterogeneous environment

Spatial heterogeneity may appear in a chemostat
due to incomplete mixing. Spatial heterogeneity under
controlled conditions is created with a configuration of
interconnected chemostats, as shown in Figure 6. The
equations for a two—chemostat system with pure and
simple competition between two microbial populations
are:

dx
V1 11

at = FaoXiz = (FietFic) Xiq + Vil(sh) x4 (12a)

dx,
V, d—’? = FacXoz = (Fie+Fic) Xar + Vipa(Sy) Xo1  (12b)

ds
Vi _t1 =Fyesip + Facse = (Fie + Fic) s1 =

—V, BM (81) X411 . (s1) X21B
Y Y

(12¢)

dXi2
Vs a - FieXi1 = (FaetFac) Xi2 + Vol (S2) X12  (12d)

76

dXzp
pm =FioXer — (FaetFac) Xeo + Vala(S2) Xzz (12¢)

ds,
Vs ot =FarSor + Fios1 — (Foe + Fac) 2 -

VA BM (s2) X11 + e (S2) Xt B
Y, Y,

(12f)

The first three equations are the balances for the
two microbial populations and the rate-limiting nutrient
in the first chemostat and the next three equations are
the corresponding balances in the second chemostat.

The system of eq. (12) was studied by
Stephanopoulos and Fredrickson [40] with Monod’s
model describing the specific growth rates of the
populations. They showed that the coexistence of the
two populations is obtained in a stable steady state.
Coexistence is achieved because the conditions in each
chemostat favor a different population. This, of course,
requires that the specific growth rate curves cross, so
that each population has the highest specific growth rate
for a range of nutrient concentrations. Then, at the
nutrient concentration in the first chemostat one
population grows faster, but at the nutrient concentration
in the second chemostat the other population grows
faster. Kung and Baltzis [41] studied the effect of the
operating parameters, and Jager et al. [42], Smith and
Tang [43] and Hofbauer and So [44] derived analytic
conditions for coexistence. Smith and Waltman [45]
showed that the coexistence steady state is unique and
globally stable. The more general case of the competition
of two microbial populations in a n—~chemostat configuration
has been also studied [44—486]. It has been concluded
that coexistence is more likely to occur as the number of
vessels increases [46]. Also, it was found that, in the
case of a three—chemostat configuration, coexistence
may occur in multiple steady states. Lenas et al. [47]
studied the system of equations (12) when the specific
growth rates were described by Andrews’s model and in
particular when the specific growth rate curves crossed
with opposite slopes. They found that coexistence was
obtained, not only in a steady state, but also in a
periodic state. This is a counterintuitive result, since the
system of one chemostat [eq. (1)] does not exhibit
oscillations. It appears that oscillations are generated
through the coupling of the chemostats from the
perturbation of their steady state with double—zero
eigenvalue. As mentioned already, the double-zero
eigenvalue is probably responsible for quasi—periodicity
and chaos in a periodically operated chemostat. Also, it
is probably responsible for the oscillations that arise
when the feed in the system of the single chemostat is
not sterile, but contains two species [48].

For the general case of pure and simple
competition of n microbial populations one would
expect that a configuration of n interconnected
chemostat is required for their coexistence, since for
each population a chemostat must exist where the
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population has the competitive advantage over the other
populations. Jager et al. [49] showed that no more than
n population competing for a single rate—limiting nutrient
can coexist in a configuration of n chemostats.
El-Owaidy et al. [50] showed that a necessary condition
for the coexistence of three populations in a
configuration of three chemostats is the three steady
states of coexistence of the populations in pairs to exist
simultaneously. However, extensive computations by
Chang and Baltzis [51] failed to determine regions of the
operating parameter space in which stable coexistence
can be realized. Coexistence was found only for discrete
values of the operating parameters where the system
was structurally unstable. The coexistence of three
competing microbial populations was shown to be
possible in a stable steady state in configurations of four
interconnected chemostats [52]. In the case where the
specific growth rate curves are described by Andrews’s
model and oscillations are generated in a configuration
of interconnected chemostats [47], one may expect that
a number of populations exceeding the number of
reactors could coexist, not in a steady state, but in a
periodic state. However, no such study exists at present.

The effect of spatial heterogeneity on microbial
competition can be also studied in a stagnant film in
which the microorganisms grow and through which the
rate-limiting nutrient diffuses. The nutrient enters from
one end of the film, diffuses through it and is consumed
by the microorganisms (Figure 7). Kelly et al. [53]
studied the competition between two microbial species
for one rate-limiting nutrient in this system. In such an
environment the motility of the cells of the two species
plays an important role in the outcome of the
competition. Besides random motility, chemotactic
motion of the cells towards higher nutrient
concentrations was considered. The equations
describing the system are:

ox Px 0 1 0Os

M o 0% ey o2 M HEOX (139)
(o) o

e . M
d a s 1

a—f =Ds 02 H1 (s)xi = Y_ He (8) X2 (130)

The first term on the right-hand side of eq.
(18a)—(13b) represents the random motility of the cells
and the second term chemotactic motion. The
coefficients my and m; denote the magnitude of random
motility and the coefficients &, and &, represent the
intensity of chemotaxis. The boundary conditions
accompanying eq. (13) are:

£=Y %2 "0z "oz (148)

o

HMutn ent

z=10

Figure 7. Model of microbial competition in conditions of spatial
heterogeneity

: %=%=0, S =8 (14b)

The specific growth rates were assumed to follow
Monod’'s model with population 1 having the highest
specific growth rate for all nutrient concentrations (case
in Figure 1a), i.e., population 1 has the advantage with
respect to growth. The interest lies in whether
differences in the motility characteristics can give the
competitive advantage to the slower growing population
2. It was shown that this is indeed the case. A lower
random motility coefficient or a higher chemotactic
coefficient enable population 2 to coexist with or even
outcompete population 1.

A way to model imperfect mixing in a bioreactor is
by considering a tubular reactor with backmixing. Such
a model was studied by Kung and Baltzis [54] and its
equations are:

o _ 62x 0%
at azg u 0z Ty (S) Xq (1 5a)

M 0% 0
P P u % + e (S) X2 (15b)

2
o5 _ s os 1o

a oz Ve v Y e €)% (159

with the boundary conditions:

0x X
z=0:ux1—D—1:0, UXg_D_ZZO,

0z 0z
s
us —D5=usp (16a)
6X1 _ 6X2 _ s _
z=L: 0z 62_62_0 (166)

The dispersion coefficient D is a measure of the
degree of mixing and u is the flow velocity through the
reactor. At the limit D = 0 we obtain an ideal plug—flow
tubular reactor and at the limit Do we have perfect
mixing as in an ideal chemostat. Monod's model was
considered for specific growth rates and stable
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coexistence was found when the specific growth rate
curves crossed (case in Figure 1b). The operating
diagram of the system is similar to the one shown in
Figure 5, with D, replaced by u.

Even in a perfectly mixed chemostat, spatial
heterogeneity can be created from attachment of the
cells on the chemostat walls. Baltzis and Fredrickson
[55] studied the case of pure and simple competition
between two microbial populations in a chemostat when
one of them has the ability to attach to the chemostat
walls. For the aftachment process they used two
different models: the Topiwala and Hamer model [56],
which assumes irreversible attachment to the surface,
and its generalization, the model of reversible
attachment. For the Topiwala and Hamer model the
equations of the system are:

B Dy + e (8) % (172)
dt

dx A

d—f:—ngwg (s) Ex2+\—/x2E (17b)
ds

G D6 -9 -y O -
- He ©) B+ e (17)

and for the model of reversible attachment:

d
= DX+ ©) % (18a)
dt
adx; A
d_t2 = -Dx; + [z (s) Exz"‘v X2 E‘
A : . .
~y ke (e = x2) —k %2 (18b)
% = ot 0 = 30) K X, (189

ds _ R B -

o D (sf—s) Y, U1 (8) X4

1 M (S)EX +T X, E (18d)
Y, 2 2y

In the above equations, only population 2 is
assumed to have the ability for wall attachment. The cell
surface density $x, is constant in the Topiwala and
Hamer model, but variable in the reversible attachment
model. The second model considers both the processes
of attachment and detachment. Attachment of the
members of population 2 on the chemostat walls gives
an advantage to it over population 1, since it makes its
washout of the chemostat impossible in the first model
and more difficult in the second one. Thus, if population
1 has the advantage with respect to the magnitude of
the specific growth rate, coexistence of the two species
is possible. It is not necessary for the specific growth
rate curves to cross for coexistence (case in Figure 1a),
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as long as the population with the ability of attachment
has also the lower specific growth rate.

All the studies of pure and simple competition are
mainly concerned with the coexistence of the involved
species and under which conditions it is possible. When
competition is for more than one nutrient, again the main
question is about the survival and the coexistence of the
species.

COMPETITION FOR TWO OR MORE NUTRIENTS

In general, when we have the total competition of n
microbial populations for m nutrients in a chemostat with
n>m, no more than m populations can grow in the
chemostat at steady state. This can be shown by
analyzing the equations of the chemostat:

ax;

d—),:':Dxi+M(s1,...,sm)xi i=1,..,n (19a)
ds; o
d—t':D(st—sj)—zrij(s1,...,sm)xi j=1,...m (19b)

i=1

The first equation contains the balances for the n
microbial species and the second equation contains the
balances for the m nutrients. The specific growth rates |;
and the specific feeding rates r; are, in general
functions of the concentrations of the m nutrients. At a
steady state where all the species are present (x;>0), eq.
(19a) yields:

D = w(si..-,Sm) i=1,..,n (20)

This is a system of n non-linear algebraic
equations with m unknowns, and, in general, a
necessary condition for a solution is that nsm. This
means that no more than m species can coexist on m
nutrients. If we take the dilution rate D to also be an
unknown, then there may also exist a solution when
n=m+1, but then the dilution rate must be fixed at a
specific value and the system there is structurally
unstable, as in the case of two populations competing
for one nutrient. It should be emphasized that the
condition just stated is a necessary one and does not
ensure the coexistence of the species.

Modeling studies [57-64] of two microbial
populations competing for two rate-limiting nutrients
(n=m=2) show that stable coexistence can be obtained
for a range of operating conditions. Butler and
Wolkovicz [63] have also shown that, in the case that the
nutrients are inhibitory, there can also be periodic
coexistence. Stable coexistence has also been
demonstrated experimentally [59,62]. Furthermore,
Gottschal and Thingstad [62] have studied theoretically
and experimentally the case of three microbial
populations competing for two rate-limiting nutrients in
a chemostat (n=3, m=2). Their conclusion was that the
coexistence of all three populations was not possible,
but up to two populations could survive, while the third
one became extinct. Li and Smith [65] have shown that
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all solutions of the model equations for this case
converge either to a state of one-species survival or of
two—species survival. The case of three microbial
populations competing for three rate—limiting nutrients in
a chemostat (=8, m=3) has been studied by Vayenas
and Pavlou [66], by Husiman and Weissing [67], and by
Li [68] for different expressions for the specific growth
rates. In all cases stable coexistence was found, not
only in a steady state, but also in a periodic state. This
observation brings forth the expectation that periodic
oscillations generated in the system would allow the
coexistence of more species in a periodic state. Indeed,
Li and Smith [69] have shown the existence of a periodic
solution in which four species coexist in competition for
three resources and noted that their arguments could be
extended to more species. Husiman and Weissing [67]
also showed the generation of oscillations in a system of
three species competing for three resources and
demonstrated that chaotic oscillations occur when five
species are involved. They concluded that up to nine
species could be supported by three nutrients.
Competition for more the one nutrient has been
also studied in configurations of interconnected
chemostats [70,71]. Thomopoulos et al. [71] studied the
competition of three species for two rate-limiting
nutrients in configurations of two and three chemostats.
In the two—chemostat case the coexistence of all three
species is possible only at discrete values of the
operating parameters where the system is structurally
unstable. However, in the three-chemostat case
coexistence in a stable steady state was observed.

CONCLUSIONS

Microbial competition, being one of the most
common interactions among microbial species
inhabiting the same environment, has been the subject
of numerous analytic, computational and experimental
studies. The main question in those studies is how many
of the competing species and under which conditions
can coexist. Periodic variation of the environmental
conditions, modeled in a chemostat by periodic variation
of one of the operating parameters, offers a means of
obtaining stable coexistence in the form of sustained
periodic, and sometimes, quasi—periodic or chaotic
oscillations. The spatial heterogeneity of the
environment allows the competing species to coexist in
a stable steady state. Spatial heterogeneity is often
modeled by a configuration of interconnected
chemostats, each chemostat representing a
sub—environment where one of the species has a
competitive advantage over the others. Coexistence is
obtained by allowing each of the species to have a
competitive advantage in one of the chemostats. The
question of coexistence in a stable steady state of n
microbial populations competing for m nutrients in a
configuration of k interconnected chemostats is a
general one and has been answered only in special

Table 1. Coexistence in a steady state of n microbial popula-
tions competing for m nutrients in a configuration of k inter-
connected chemostats

Number Number Number of
of species | of nutrients | chemostats

(n) (m) (k)
2 1 1

Coexistence

in a structurally
unstable system

2 stable
2 2 1 stable
3 1 3 in a structurally
unstable system
3 1 4 stable
3 2 2 in a structurally
unstable system
3 stable
3 3 1 stable

cases for n, m and k values. These cases are
summarized in Table 1. One expects coexistence to be
facilitated as the number of nutrients m or the number of
reactors k increases, or the number of competing
species n decreases. The cases listed in the table where
coexistence is observed in a structurally unstable
system are limiting ones. Increasing m or k or
decreasing n results in coexistence in a stable steady
state. On the other hand, decreasing m or k or
increasing n makes coexistence in a steady state
impossible. However, periodic oscillations generated in
the system can in some cases increase the number of
coexisting species, but in a stable periodic case and not
in a steady state.
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Priliko razvoja viSe razli¢itih mikroorganizama u odredenoj sredini Cesta je pojava kompeticije u pogledu koris¢enja hran-
ljivih materija i drugih nutrijenata. Ovakva sredina se moze kreirati u laboratorisjkom bioreaktoru u cilju proucavanja ova-
kvog tipa interakcije i njegovog efekta na mikroorganizme. Kompeticija ima tendenciju da eliminise mikroorganizme iz
sistema. Osnovno pitanje koje se ovde postavlja je da li kompeticija izmedu viSe mikroorgaizama moze da dovede i pod
kojim uslovima do njihove koegzistencije. Kompleksnost (broj) hranljivih materija koje predstavljaju hranu za razlicite mi-
kroorganizme kao uzrok kompeticije vazan je parametar, pri Eemu je utvrdeno da periodiéne oscilacije i specfi¢na hete-
rogenost ima povoljan efekat na postojanje koegzistencije izmedu mikroorganizama.

Kljuéne redi: Bioreaktor, Microbna fermentacija, MeSane kulture, Kompeticija.

81



